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We study the impact of strategic choices of self-interested candidates of whether 
or not to enter an election. We focus on strategic candidacy in the context of the 
tree and binary voting procedures used by small groups such as committees. We 
offer a comprehensive analysis for the special but important case of voting by suc- 
cessive elimination. Strategic candidacy slightly enlarges the set of candidates that 
can be equilibrium outcomes relative to the traditional analysis which takes the set 
of candidates as fixed. Pareto-dominated candidates can be elected in equilibrium 
under voting by successive elimination when strategic candidacy is considered, in 
contrast with a fixed set of candidates. Journal of Economic Litterature Classification 
Numbers: D71, D72. © 2002 Elsevier Science (USA) 


1. INTRODUCTION 


Many voting processes can be viewed as a two-stage process, where in a 
first stage candidates decide on whether or not they will enter the election, 
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to the memory of Jeff Banks, our friend and colleague. 
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and then in a second stage a voting procedure selects from the candidates 
who have entered. Strategic behavior in the stage where candidates make 
entry decisions can be just as important as strategic voting in the second 
stage. Dutta, Jackson and Le Breton [5] (henceforth DJL) show that 
strategic candidacy can affect the outcomes of all nondictatorial voting 
procedures. Since those results show that it is impossible to avoid strategic 
candidacy, the following question naturally arises: “What are the outcomes 
of voting procedures when one accounts for the implications of strategic 
candidacy?” This paper answers this question for a specific, but important, 
class of voting procedures widely used in committee elections, but which 
does not always make sense in large elections. This is the class of binary 
voting procedures, where a sequence of majority votes are held over pairs 
of choices. 

In the first part of this paper we establish some facts about the impact of 
strategic candidacy for the class of binary voting procedures. Accounting 
for strategic candidacy expands the set of outcomes of binary voting pro- 
cedures relative to that predicted under the traditional analysis with a fixed 
set of candidates. However, we show that the outcomes under strategic 
candidacy still remain in the top cycle (and thus select a Condorcet winner 
if one exists). 

In the second part of the paper, we examine the impact of strategic 
candidacy in more detail, focusing on the specific procedure of voting by 
successive elimination. Voting by successive elimination is a prominent 
voting procedure used in many committee, parliamentary, and legislative 
settings. It is also a voting procedure that has been well-studied in the 
context of a fixed set of candidates, and thus provides a nice benchmark 
for a detailed analysis of the effects of strategic candidacy. Under voting by 
successive elimination, candidates are ordered and then compared pairwise. 
So, for instance, the first and the second candidates are put to a vote. The 
losing candidate is eliminated, and the winning candidate is then matched 
against the third candidate, and so on. For a fixed set of candidates, profile 
of voters’ preferences, and ordering of candidates, a single winner emerges. 
This has been nicely characterized via an algorithm due to Shepsle and 
Weingast [23]. Moreover, Banks [2] characterized the set of winners when 
all possible orderings of candidates are considered. This set, which we refer 
to as the Banks set, has nice properties and in particular is a subset of the 
uncovered set and thus always selects a Pareto efficient candidate. 

We provide an analysis parallel to that of Banks [2], where the change is 
that the set of candidates is endogenized through a candidacy game where 
candidates decide on whether or not to enter the election. The voting 
procedure then takes place only over the candidates who have decided to 
enter. Examining an equilibrium of this overall game leads to a prediction 
of who will enter in the first stage and who will ultimately win the election. 
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Most importantly, it can lead to a different winning candidate compared to 
the case where the set of candidates is fixed exogenously. We end up with a 
well-identified set of possible outcomes that we call the “candidate stable 
set” and which we fully characterize. Several points are worth mentioning 
about the candidate stable set. First, the candidate stable set is larger than 
the Banks set. Thus, for this class of voting procedures, accounting for 
strategic candidacy enlarges the set of winning candidates. Second, the 
candidate stable set has an intuitive relationship to the Banks set that we 
outline in detail in the characterization. Third, the candidate stable set is a 
superset of the uncovered set, but is only “slightly” larger than the 
uncovered set, in a precise sense. Unfortunately, this admits some Pareto 
inefficient outcomes. 

Before proceeding to the body of our analysis, let us briefly discuss the 
relationship of this work to the most closely related literature. 


The Related Literature 


We have already mentioned the connection of DJL with the present 
paper. There are also other papers which discuss the issue of strategic can- 
didacy from different perspectives. Besley and Coate [4] and Osborne and 
Slivinski [22] provided some of the first analyses of the effects of candidate 
entry decisions in the context of large elections with plurality rule and 
ideological positions of the candidates. While there is some overlap in spirit 
of our analysis and these predecessors, the analysis that we provide here 
differs in a number of dimensions, including the voting procedures 
analyzed, the finite number of voters, the costless entry of candidates, and 
arbitrary preferences over candidates that voters may hold. So, roughly, 
they are concerned with the effects of candidate entry in plurality elections 
involving a large number of voters, while we concentrate on the effects of 
strategic candidacy in voting procedures which are more likely to be used 
in committee settings. 

Dutta and Pattanaik [6] analyze a setting where in a first stage (before 
voting) individuals sponsor or propose alternatives out of a set. Next, in a 
second stage, voting takes place over the set of proposed alternatives. Their 
main result is to show that there are circumstances under which sponsors 
indulge in strategic behavior by not proposing their most preferred 
alternatives. Thus, their paper, like this one, is a contribution to the topic 
of endogenous formation of the agenda.’ 


? See also Majumdar [13] and Mueller [19]. There is also a rich theoretical literature on 
the strategic effects of agenda manipulation, which is not as closely related to our work, but 
should still be mentioned. See Ordeshook [20] for a description of this literature. 
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In this paper we interpret the alternatives to be elected as candidates 
running for an election. The main restriction with that interpretation is that 
they can only decide to enter or not, and they cannot force (or nominate) 
some other candidate to run. More generally, it might be some other set of 
potential alternatives, for instance, the possible amendments to a motion in 
a legislative context, that are being considered. Games of this kind have 
been analyzed in a series of papers by Banks and Gasmi [3], Austen-Smith 
[1], Ordeshook and Schwartz [21], and Groseclose and Krehbiel [10].* 
An important theme of those papers is understanding when it is that the 
endogenously proposed agenda leads to situations where the subsequent 
sophisticated voting strategies coincide with sincere (myopic) voting. The 
clever and important insight coming out of those papers is that under 
voting by successive elimination (and only under voting by successive eli- 
mination; see Groseclose and Krehbiel for a simple proof) a proposer can 
only have an impact on the overall voting by proposing something that will 
be voted up at its turn, which under sophisticated voting requires that the 
proposed alternative beat each of the proposals which follow in the voting 
(which are those previously proposed). Thus the equilibrium proposals 
form a sequence for which each proposal beats all the previous ones, and 
sophisticated voting then coincides with sincere voting. This ends up having 
some relation to our characterization of when candidates choose to enter. 
Despite the fact that these papers look at endogenous agenda formation in 
sequential voting procedures, there is no relationship to ours in terms of 
the issues addressed. We are interested in understanding how the set of 
alternatives that may be elected changes when the candidates are 
endogenized and looking at questions related to the Pareto efficiency of the 
outcomes, while the above-mentioned papers are concerned with the rela- 
tionship between sincere and sophisticated voting and do not examine any 
characteristics of the outcomes.* 

The remainder of the paper is structured as follows. In Section 2 we 
outline the setting and state some motivating and supporting results. In 
Section 3 we proceed to an analysis of the effects of strategic candidacy on 
binary voting procedures and then focus in on the effects on voting of suc- 
cessive elimination. In Section 4 we discuss issues concerning the existence 
of equilibria in the candidacy game and issues arising due to the considera- 
tion of mixed strategies. An appendix contains all the proofs of formal 
statements. 


3 See Ferejohn et al. [9] and Lockwood [12] for analyses of the amendment procedure in 
the context of settings where a distribution of goods and projects is to be proposed. 

‘There are some further differences in terms of the details of the frameworks, such as 
whether proposals are made sequentially or simultaneously and whether there are costs to 
making a proposal. 
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2. DEFINITIONS AND PRELIMINARY RESULTS 


Candidates and Voters 


N = {1,...,n} is a finite set of individuals. 

€< WN is the set of potential candidates. We consider the case where 
#@ > 3, as the possibilities for strategic candidacy with just two potential 
candidates are trivial. 

VY <W is the set of voters. Let m=#¥Y. Generic voters are denoted 
i, j,k. 

Without loss of generality, assume that “=@UvY. In different situa- 
tions it may be that @ 0D V 4 @ (e.g., @=V,EcY, etc.) or @0NV =@. 
We discuss how the overlap between candidates and voters matters as it 
applies. 


Preferences 


Individuals have strict preferences over the set of candidates represented 
by a complete, transitive, and asymmetric binary relation, P,. Let A denote 
the set of all profiles of such strict preference relations. The notation Pe 7 
denotes a generic profile P = (P,, ..., P,). 

Let aR,b denote the situation where either aP,b or a= b. 

Given any 4c @, let P,|, denote the binary relation on A induced by P,, 
and P|, the profile of induced relations. 

Given any nonempty Bc@, let top(B, P,) denote the candidate ae B 
such that aP,.b for allbe B, ba. 

In many situations it is natural to assume that a candidate finds himself 
or herself most preferred.° The restricted domain of preferences 


P ={PeP\ac€ = top(@, P,) =a} 


captures this assumption. 

Without such a domain restriction a basic problem can arise. For 
instance, in the extreme case where candidates find themselves least 
preferred® any elected candidate prefers to exit. 


Tournaments 


In many contexts, the preferences of the voters can be summarized (even 
for strategic purposes) by the majority voting relation that is induced over 
pairs of candidates. 


>For instance, this will be true in the framework of Besley and Coate [4], where each 
candidate is identified with her most preferred alternative in some policy space. 

6 This might arise if the election is for a position that nobody wants to fill, e.g., chairman of 
a department. 
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Given P € #’, denote by T(P) the binary relation defined as 
aT(P)b iff #{ieV :aP,b}>#{ieV : bPa}. 


T(P) is asymmetric and further, if #Y is odd, T(P) is complete and 
therefore a tournament’, which is referred to as the majority tournament 
induced by P. 

In the case where the number of voters is even, if we break ties in some 
arbitrary (but deterministic) manner, then T(P) is complete and a 
tournament. 

As tournaments are not necessarily transitive relations there can exist 
cycles. One cycle of particular interest that we refer to in the following is 
the top cycle associated with a tournament. 

For an arbitrary tournament T on @, the top cycle of T, denoted by 
TC(T), is the set {ae@:Vbe@, Jay, ...,a, in @ such that a, =a,a,=b 
and a,Ta;,, Vi=1,....k—1}, ie., the set of candidates that can reach any 
other candidate in A via a T-chain of arbitrary length. For subsets of can- 
didates, A < @, there is a corresponding definition and we denote that set 
TC(A, T). When there is no A indicated, then we are referring to the top 
cycle relative to @. 


Voting Procedures 


We model voting procedures as a choice by society from the set of 
available candidates. This general formulation allows for many applica- 
tions and includes strategic voting as well as sincere voting. 

A voting procedure is a function V:@\{@}xP' > @ such that for all 
Ac@andPeF, 


Gi) V(A, Pye A, 
(ii) V(A, P) =V(A, P’) for all P’ such that P, = P; for allie VY, and 
(iti) V(A, P) =V(A, P’) for all P’ e F” such that P|, = P’|,. 


Item (i) says that a voting procedure chooses from the set of available 
candidates A. The implicit assumption embodied in (i) is that V(A, P) is 
single-valued. 

Item (ii) says that a voting procedure is determined only by voters’ pre- 
ferences. In our setting the profile P includes a specification of candidates’ 
preferences, and the candidates in some cases may not be voters. 

Item (iii) says that the voting procedure depends only on preferences 
over the set of feasible (i.e., entering) candidates. This condition is similar 
to Arrow’s independence of irrelevant alternatives condition, except it is 
defined over voting procedures instead of social welfare orderings. 


7See Laslier [11] for an illuminating account of the principal results in the vast literature 
on tournaments. 
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Binary Voting Procedures 


Much of our focus in this paper will be on the class of voting procedures 
where a sequence of votes is taken and each vote is over two options. These 
binary voting procedures are defined as follows. 

A binary tree on A S @ is an object 4(A) = (M, a, 8) such that 


(i) M is a finite set of nodes with a distinguished node m, referred 
to as the origin of the tree. 

Gi) o:M—>M is a mapping such that o(m)=™m if and only if 
m=m, and a~'(m) is a set which is either empty or consists of exactly two 
elements. 


(iii) 0: Z— Ais an onto mapping, where Z = {m|a~'(m) = ¢}. 


The mapping o associates every node with its predecessor. Every node 
either has exactly two successors or no successors at all. Nodes which have 
no successors are called terminal nodes and are denoted by Z, and without 
loss of generality are assumed to be at the same distance (in terms of nodes 
falling in between) from the origin. 

The interpretation is as follows. A majority vote is first taken at mp) over 
the two successor nodes to m) (which are the nodes in a ~'(m))). Say the 
vote is for m,. If m, is a terminal node, then the elected candidate is 6(m, ). 
Otherwise the voting continues, and the vote is over the successor nodes to 
m,, and so on. 

Under strategic voting, where voters anticipate the voting that will take 
place further down the tree when considering the vote at any node, the 
outcome of a binary voting procedure can easily be solved by a simple 
backward algorithm. The winner is called the sophisticated outcome of A(A) 
at Pe F’, denoted by S(A(A), P), and is computed as follows.*® 

Let Z' be the set of nodes whose successors are both terminal nodes. A 
mapping 0': Z' > A is defined as follows. Let me Z' and suppose a '(m) = 
{m,, m,}. Denote 0(m,) and 6(m,) by a and b respectively. Then 9'(m) =a 
if aT(P) b and 6'(m) = b if bT(P) a. Let A\(A) = (M', a, 0') be the binary 
tree where M'= M\Z. Note that Z! is now the set of terminal nodes of 
A\(A). By repeating this operation t—times, we obtain a binary procedure 
A'=(M‘,oc,0‘') where M*‘ consists of m), and two successor nodes 
a '(m) = {m{, mi}. Denote 0m‘) and 6(m) by x and y respectively. 
Then, S(A(A), P) =x if xT(P) y and S(A(A), P) = y if yT(P) x. 

A voting procedure V(-,-) is a binary voting procedure if there exists a 
set of binary trees {4(A), AS @} such that for all Pe F’ for all ACY, 
V(A, P) = S(A(A), P). 


’See Farquharson [8], Miller [16], and Moulin [17] for an overview of some of the 
literature on this subject. The outcome corresponds to the iterative elimination of weakly 
dominated strategies. 
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Dutta and Sen [7] have shown that the class of binary voting procedures 
is a (strict) subset of the class of tree voting procedures.’ Further, not only 
are binary voting procedures Condorcet consistent, '° but the sophisticated 
outcome depends on the profile P only through the induced tournament 
T(P); ie., if two profiles P and P’ lead to the same majority tournament, 
then they lead to the same sophisticated outcome. Therefore the class of 
binary voting procedures is a (strict) subset of the set of Condorcet 
consistent voting procedures. 


The Candidacy Game 


A voting procedure V and a profile Pe #” give rise to a game, called 
hereafter the candidacy game. In this game, each candidate simultaneously 
decides on whether or not to enter the election. 

More specifically @ is the set of players, and each player has the two 
possible (pure) strategies of entering or not entering the election.!! A 
profile of strategies of the candidates results in a set d<& @ who enter. 
Candidate a evaluates two sets of entering candidates A and B by compar- 
ing V(A, P) and V(B, P) on the basis of P,.” 

When V itself arises from a game as is the case when V is a tree voting 
procedure or a binary voting procedure, then the candidacy game is simply 
the reduced form of a two-stage game where potential candidates decide 
simultaneously whether to enter the contest, and then voters vote according 
to some rule on the declared candidates. Under the reduced form, candi- 
dates implicitly deduce the equilibrium outcome attached to each possible 
continuation game. 

NEVV, P) denotes the sets of candidates that enter in the (pure strategy) 
Nash equilibria of the candidacy game induced by the voting procedure 
V and the profile Pe FY’. So, NE(V, P) is the sets of AS @ such that 
V(A, P) R,V(A\ {a}, P) for all ae A and V(A, P) R,V(A vu {a}, P) for all 
ace@\A. 


’ A tree is essentially a finite extensive game form of perfect information, and a voting pro- 
cedure is a tree voting procedure if the winner out of any set A and profile P is the backward 
induction solution of the tree on A corresponding to the profile P. See Dutta and Sen [7] for 
formal definitions. 

' Given a subset of candidates Ac @, ae A such that aT(P)b for all be A\ {a} is a 
Condorcet winner for P in A. A voting procedure V is Condorcet consistent if for all A< @ and 
all Pe ’, V(A, P) =a whenever a is a Condorcet winner in A for P. 

"The entry decision is the only strategic decision of the candidates. This implicitly assumes 
that candidates are identified with fixed “positions.” This assumption is identical to that of 
Besley and Coate [4], Osborne and Slivinski [22] and others, who assume that candidates 
cannot credibly commit to positions which are different from their ideal points in the 
pre-election stage. 

We have not specified V(@, P). However, regardless of the specification of the default 
choice V(@, P), any candidate a#V(@, P) satisfies V({a}, P) P.,V(@, P). So pure strategy 
Nash equilibria (when they exist) have at least one candidate entering. 
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DJL say that a voting procedure is candidate stable if for all Pe F’, 
€ €e NE(V, P). Candidate stability requires that it be a Nash equilibrium 
for all candidates to enter. Candidate stability is a weak way of capturing 
the idea that no candidate can strategically affect the outcome of a voting 
procedure by withdrawing from a contest. It is weak in that it does not 
require anything like it to be a dominant strategy for candidates to enter. 
Further, candidate stability only requires that this be true when all 
candidates enter. That is, the condition only compares V(@, P) and 
V(@\ {a}, P), but makes no statement about the relationship between 
V(A, P) and V(A\ {a}, P) for Ac @. 

They show that if @ 7 VY = @ then the only candidate stable unanimous 
voting procedures are dictatorial. When @ 7 V # @ they exhibit examples 
of candidate stable tree voting procedures which are not dictatorial, but 
they also show that any such procedure must violate a no-veto style 
condition. 

We offer Proposition 1 below as the primary motivation behind our 
analysis of strategic candidacy in binary voting procedures. The result 
states that no binary voting procedure can be candidate stable. This result 
can be proven as a corollary to one of the results in DJL, but we offer a 
direct proof in the appendix here, as the case of binary voting procedures 
substantially simplifies the proof compared to the general class of voting 
procedures considered in DJL. 


PRoposiTION 1. If #¥ 44" and V is a binary voting procedure, then V 
is not candidate stable. 


Proposition | implies that strategic candidacy will have important con- 
sequences. For any nondictatorial binary voting procedure (in fact, for any 
voting procedure, as shown in DJL) there will be situations where the full 
set of candidates will be unstable: some candidate can benefit by dropping 
out of the election. This implies that the traditional analysis of voting 
procedures which treats the set of entering candidates as fixed or given 
exogenously will be faulty. Thus, we should try to see what the outcomes 
are when the candidates can choose whether or not to enter. 

Before turning to an analysis of the effects of strategic candidacy on 
binary voting procedures, we tackle one detail that greatly simplifies the 
subsequent analysis. 


Separating Candidate Preferences and Tournaments 
To keep the analysis relatively simple, we isolate the strategic candidacy 
problem from candidate voting decisions. That is, we “‘disconnect”’ the role 


8 When #¥ =4, an example of a candidate stable binary voting procedure is provided in 
DIL. 
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of an individual who is a potential candidate from his possible role as a 
voter. This holds vacuously when @7 ¥ = @. Otherwise, one needs to 
identify conditions under which a candidate’s preferences will not affect the 
voting tournament, as we do below. 

Let F” be the subset of profiles P ¢ Y” such that V(A, P’) =V(A, P) for 
all A < @ whenever P’ = P, for allie V\@. 

The profiles in Y” are the profiles where the outcome (given any set of 
entering candidates) depends only on the preferences of voters who are not 
candidates. Therefore, when we restrict our attention to these profiles, the 
preferences of candidates can have an influence on the eventual outcome 
only through the candidates’ strategies in the candidacy game. 

Of course, for some voting procedures and pattern of @ and Y, Y" can 
be empty (e.g., when @ = V). But more generally, Y’ can be large. In the 
case where V is a binary voting procedure, we expect Y” to be nonempty 
not only when @ n VY = @ (in which case it is equal to F’), but also when 
€ AV is small as compared to /. This is formally stated in the proposi- 
tion below (in the spirit of McGarvey [14]) which provides a bound on the 
number of voters required to ensure that any arbitrary tournament can be 
obtained as the majority relation corresponding to some profile of 
preferences of the voters not in @, and independent of the preferences of 
individuals in @ ~ W. Proposition 2 validates some of the developments in 
Section 4. 


PROPOSITION 2. Let #@=m and #(€@AV)=k. If k is even and 
#Y >(k+2)(m—1)m/2+k or is odd and #¥ >(k+3)(m—1)m/2+k, 
then for an arbitrary tournament T over © there exists Pye such that T = 
T(Py\e, Py ne) for any Py x¢. 


3. ACCOUNTING FOR STRATEGIC CANDIDACY AND 
VOTING BY SUCCESSIVE ELIMINATION 


We begin the analysis of strategic candidacy with a result that describes 
how the outcomes of binary voting procedures are affected by strategic 
candidacy. The result shows that the set of elected candidates expands, but 
still remains within the top cycle. 

While a binary voting procedure V(A, P) = S(A(A), P) is sensitive to the 
choice of the binary tree 4, the outcomes of all binary voting procedures 
have a property in common. McKelvey and Niemi [18] showed that for all 
binary trees 4: S(A(@), P) e TC(T(P)). That is, the sophisticated outcome 
of any binary voting procedure lies in the top cycle set of the majority 
tournament induced by the profile of preferences. Proposition 3 below 
states that strategic candidacy does not alter this “upper bound” in that it 


200 DUTTA, JACKSON, AND LE BRETON 


cannot result in outcomes outside of the top cycle. Since outcomes outside 
the top cycle are usually considered bad within the class of Condorcet con- 
sistent voting procedures, we can say that strategic candidacy does not alter 
this nice feature. The proposition also states that sophisticated outcomes 
without strategic candidacy form a lower bound as to what the outcomes 
are accounting for with strategic candidacy. 

Given a binary voting procedure V and Pe #”, let 


V(P)= U \) VOA, P’). 


P'cP:T(P’)=T(P) AENEV, P’) 


So V is the set of all possible outcomes of the binary voting procedure V, 
when strategic candidacy is accounted for. In particular, given the separa- 
tion of the voting tournament and the candidates’ preferences, this set is 
computed allowing the preferences of the candidates to vary. So, for a fixed 
tournament induced by voters’ preferences we ask what are all the con- 
ceivable outcomes when we allow for strategic candidacy. By limiting our 
attention to the subset #’ of profiles, we are in a position to assert that any 
difference between V(@,P) and V(P) can be imputed to strategic 
candidacy effects. 


Proposition 3. Let V be a binary voting procedure. Then for all P € FP, 
V(@, P)SV(P)STC(T(P)). 


The intuition behind Proposition 3 is relatively straightforward. It is easy 
to see that V(P) contains V(@, P)-if candidates all find V(@, P) to be the 
second most preferred (behind themselves), then it is an equilibrium 
of the candidacy game for all candidates to enter. To see that there is no 
equilibrium beyond the top cycle, note that TC(A, T(P)) < TC(B, T(P)) 
whenever 4 < B and ANTC(B, T(P)) # @. This implies that it cannot be 
an equilibrium of the candidacy game for none of the candidates in 
TC(@, T(P)) to enter. Suppose to the contrary that there is an equilibrium 
AéeENEV(V, P) where ANTC(@,T(P)) = @. Then if some candidate in 
TC(@, T(P)) were to enter, she would necessarily win the binary voting 
procedure (and would in fact be the Condorcet winner among entering 
candidates). 

The lower and upper bounds on V(P) hold for any binary voting 
procedure. There are binary voting procedures hitting each of these 
bounds, and so the result is tight. However, in the context of specific 
subclasses of binary voting procedures these two bounds can be con- 
siderably sharpened. We now examine the prominent class of voting by 
successive elimination, where we are able to pinpoint the effects of strategic 
candidacy in even more detail. 
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Voting by Successive Elimination 


We first describe the voting by a successive elimination procedure when 
all potential candidates show up. Let a: @ > {1,...,#@} be an ordering 
(where o is one-to-one) of candidates. Let us refer to the candidates by 
Q,, ---» dug, Where a(a,) =k. In the successive elimination procedure, a vote 
is first taken to eliminate either a, or a,. The ‘“‘winning”’ candidate from the 
first round, denoted w,, is compared to a;, and a vote is taken to eliminate 
either w, or a;, and so on. After (#@—1) comparisons, the surviving 
candidate is declared to be the voting outcome. 

At each stage, the elimination of one candidate is on the basis of 
majority voting. However, in order to determine the eventual voting 
outcome, it is also necessary to describe how voters act. We examine the 
case where they vote strategically at each stage, and so focus on the 
sophisticated voting outcome of this binary voting procedure. 

Through a slight abuse of notation, we use o for the ordering of candi- 
dates under voting by successive elimination, while we earlier used it to 
determine the ordering of nodes in a general binary voting procedure. Note 
that under voting by successive elimination, @ completely specifies the 
procedure. 


Sophisticated Voting by Successive Elimination 


Shepsle and Weingast [23] defined an algorithm which can be used to 
determine the sophisticated outcome of the voting by successive elimination 
procedure for an arbitrary tournament T (and therefore for any tourna- 
ment 7(P) arising from majority aggregation of a P e F’) the and ordering 
of candidates o on a set A c @. This is described as follows. 

The binary voting procedure corresponding to sophisticated voting by a 
tournament 7 on a set of candidates A that is ordered by a, denoted” 
S(A, o, T), is w,, where 


W, =, 
and 
a if a,Tw, Vk'>k, and 
Vk <2, ws(4,7, 0) ={ en 
Wet otherwise 


and where a,, ..., a, is the ordering on A consistent with o (and 2 = #4). 

This algorithm provides the same solution as the one obtained by 
drawing out the binary voting tree corresponding to a given voting by 
successive elimination procedure and then solving that tree using the 
backward algorithm we described earlier. 


‘4 Strictly speaking, the corresponding binary voting procedure is V,(A, P) = S(A, o, T(P)). 
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Banks [2] provides a characterization of the set of outcomes which can 
emerge as sophisticated outcomes of the voting by successive elimination 
procedure when every possible ordering of a given feasible set @ of 
candidates is taken into account. 


The Banks Set 


The Banks set associated with a tournament 7, denoted BS(T), is 
defined by 


BS(T) = {a|4o s.t.a=S(@,o,T)}. 


In order to discuss the characterization of this set given by Banks [2], 
we need some additional definitions. 

A chain of T is a set Hc @ such that T is a transitive relation when 
restricted to H. 

Thus, a chain is a collection of candidates that can be ordered so that 
each candidate in the order beats all the following candidates in the order. 
As a tournament T is generally not transitive on all of @, chains are often 
strict subsets of @. 

Given a candidate ae @, an a-chain of T is a chain H with ae HA such 
that aTb for all be H, b #a. The set of all a-chains is denoted H(a, T). 

Thus, an a-chain is a chain where a beats all the other candidates in the 
chain according to T. 

The characterization provided by Banks [2] can be stated as follows. 


PROPOSITION 4 (Banks [2]). 
BS(T) = {a| 3He H(a,T) s.t.Vvb¢H Ace H s.t. cTb}. 


Thus, Banks showed that the outcomes that could be elected by varying 
the ordering (for a fixed tournament) when voting by successive elimina- 
tion correspond to the endpoints of chains, where the chains are such that 
any candidate not included in the chain is beaten by something in the 
chain. The intuition behind the characterization is that the candidates in 
the chain represent the candidates who temporarily “‘win” at some stage in 
the voting by successive elimination (the w,’s in the Shepsle-Weingast 
algorithm), and the remaining candidates are those who are eliminated at 
their stages. 

Part of the reason for allowing o to vary in understanding the outcomes 
of voting by successive elimination is to get a rough feeling for which out- 
comes can be reached as one varies the agenda. One of the nice features of 
voting by successive elimination that Banks [2] demonstrated was that 
even as the ordering a is varied, the sophisticated outcome of voting by 
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successive elimination is always inside the uncovered set and thus is Pareto 
optimal. We will come back to look at these properties in detail when 
we make a comparison to what happens with strategic candidacy in 
Proposition 6 below. 


The Candidate Stable Set 


We now turn to the detailed analysis of the distortions of the outcomes 
of voting by successive elimination resulting from strategic candidacy. In 
particular, we provide an analogous characterization of the Banks set when 
strategic candidacy is considered. 

We know from Section 2 that on the domain Y’ we can treat the voter 
tournament and candidate preferences as independent. We work on this 
domain (and Proposition 2 provides conditions under which this domain is 
nonempty). Further, since V,(@, P) and V,(P) only depend on P through 
the tournament T(P), we will denote them simply by V,(@, T) and V,(T) 
where T is an arbitrary tournament on @. 

Since each choice of o gives rise to a specific procedure and since we 
want to compare the set of outcomes that could arise under strategic 
candidacy with the Banks set, we introduce the following analog of the 
Banks set, which we call the candidate stable set. 

The candidate stable set associated with a tournament T, denoted CS(T), 
is defined by 


CS(T)= U VT) 


aex 


Thus, the candidate stable set is found by not only varying the ordering 
on candidates, but also by accounting for strategic choice on the part of 
candidates for the preferences that they might have, holding the tourna- 
ment fixed. This gives us the precise analog of the Banks set, but accounts 
for strategic candidacy. 

We state a characterization of the candidate stable set which has a close 
intuitive relationship to the characterization of the Banks set. 

Given a tournament T, and {a, b} < @, b covers a if bTa and bTc for all 
c€@ such that aTc. 


ProposiTION 5. The candidate stable is characterized as 
CS(T) = {ae @|4H € H(a,T) s.t.Vb¢H Ace H s.t. b does not cover c}. 


Proposition 5 shows that a simple characterization may be found for the 
candidate stable set, and thus we can account for the strategic impact of 
candidates’ choices and preferences. The characterization bears an intuitive 
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relationship to the characterization of the Banks set. The only change in 
the characterization is that ““b does not cover c’’ replaces cTb. This enlarges 
the set of candidates that may be realized, as it follows directly that 
BS(T) < CS(T), since cTb implies that b does not cover c. 

The intuition behind the result is as follows. First, consider a in the can- 
didate stable set. Let H be the chain corresponding to the candidates that a 
beats in the elimination procedure. There cannot exist b¢ H that covers 
every c in H, otherwise b would be the outcome of the procedure if b 
entered. Next, consider the converse, that every a for which the right hand 
side of the characterization is true must be in the candidate stable set. 
Order the elimination procedure according to H, with elements not in H 
but beaten by an element of H appearing before H in the ordering, and the 
remaining elements appearing after H in the ordering. Then it is an equi- 
librium for only candidates in H and lower in the ordering to enter, and for 
the remaining candidates not to enter as given their position in the order- 
ing, they can only win if they beat all of the candidates in H and those 
beaten by a candidate in H. 

We can say much more about the relationships between the candidate 
stable set and the Banks set, and other well-known sets such as the 
uncovered set and the top-cycle set. To give precise definitions, consider the 
following. 

Let aT*b for some ke {1,...,#@—1} denote the situation where there 
exists a sequence of candidates a=q,,...,.a,=b with k+12>k' and 
a,Ta,,, for each he {1,...,k’—1}. Thus, aT“b if one can find a string of 
candidates of length no more than k+1 linking a to b, such that each 
candidate in the string beats the next candidate in the string. This is 
like an indirect revealed preference relation using T. Let A(T)= 
{a|aT*b Vb 4a}. Thus, A'(T) is the Condorcet winner, which is often 
nonexistent. A(T’) is the uncovered set, as it is easily seen to be precisely 
the set of alternatives that are not covered. This set is always nonempty. 
A**—! is the top-cycle set TC(T ) defined earlier. The following relationship 
then holds. Let UC denote the uncovered set. 


PROPOSITION 6. 
BS(T) <UC(T) <CS(T) <TC(T). 
More specifically, 


A(T) < BS(T) < A(T) =UC(T) CCS(T) < A(T) cA "(T) 
=TC(T). 


There are examples where each inclusion is strict. 
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The consideration of strategic candidacy has expanded the set of 
potential elected candidates, although in a very well-defined way. Note 
that the bounds on CS(7) are much sharper than the general bounds of 
Proposition 3. 

Pareto Inefficiency and the Candidate Stable Set 

Although Proposition 6 suggests that the effects of strategic candidacy 
are slight in one sense (expanding from a subset of A? to A*), the following 
example shows that the expansion due to accounting for strategic candi- 
dacy has some negative implications. In particular, since the uncovered set 
contains only Pareto efficient outcomes (with respect to voters’ preferences 
underlying the corresponding tournament), the Banks Set also only con- 
tains Pareto efficient outcomes. However, it turns out that the candidate 
stable set can include candidates that are not Pareto-efficient. More 
specifically, in the example the candidate elected under sophisticated voting 
by successive elimination once strategic candidacy is accounted for is 
Pareto dominated by the candidate elected if all candidates are forced to 
enter, considering the preferences of all voters and candidates (except, of 
course, the preference of the strategic equilibrium candidate himself!).'° As 
voting by successive elimination (under sophisticated voting with a fixed set 
of candidates) has been extolled for its efficiency properties, this is a 
disturbing aspect of strategic candidacy. 


ExAMPLe 1.'° Let Y = {1, 2, 3} and @ = {a,, a,, a3, a4, as}, let o be the 
reverse ordering of the candidates, and let the preferences in W be as 
follows : 


° a, Pia, Pi\asP\a,P\ a4, 

° a,P,a,P,a,P,a3;P,a5, 

° a;P3a,P3,a,P;a;P3a,. 

Then the tournament T = T(P) is as follows : 

° a,Ta3, a,Tas, 

° a,Ta,, a,Ta,, a,Ta,, 

° a;Tas, 

° a,Ta,, a4,Ta;, 

° a;sT ay, a;Ta,. 

'S Given candidates’ self-preference, every candidate is Pareto efficient. So here we work 
with a slightly restricted version of Pareto efficiency where all preferences are accounted for 
except for the self-preference of a given candidate. 

'6 This example is a strengthening of a previous example suggested by Jeff Banks, and we 
thank Eric Maskin for suggesting that we look for an example where the strategic outcome 


was not only Pareto dominated, but was Pareto dominated by the outcome that would have 
occurred if all candidates entered. 
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We use the Shepsle-Weingast algorithm to derive the outcome for each 
set of entering candidates. When all candidates enter, the outcome is a). 
When only {a3, a4}, {43, a4, as}, or {a), a3, a4, as} enters, the outcome is ay. 
If {a,4, as} or {a, a3, a4, as} enters, the outcome is as. 

Let us consider what happens if strategic candidacy is accounted for. 
Consider the following preferences of candidates. Each candidate ranks 
herself first. All candidates other than a, rank a, higher than a,. Also, 
candidates a, and a, prefer a, to a;. Given these preferences, it is an equi- 
librium (anticipating the subsequent voting) for exactly the set {a;, a,, as} 
to enter. This results in the outcome of a,. However, all voters and candi- 
dates (other than a,) prefer a, to a,. Thus, the outcome under this entry 
equilibrium is Pareto dominated (except for a,’s self-preference) by the 
outcome that would occur if all candidates entered.’ 


4. EXISTENCE OF EQUILIBRIA IN THE CANDIDACY GAME 
AND MIXED STRATEGIES 


We have not discussed the issue of the existence of an equilibrium in the 
Candidacy Game. Given that in the preceding analysis we focused on pure 
strategy equilibria, it is not obvious that equilibria will always exist. 
Moreover, even in cases where pure strategy equilibria exist, there may also 
exist mixed strategy equilibria and these may have different properties, so 
we may want to understand those properties. We now turn to those issues. 


Existence of Pure Strategy Equilibria 


Proposition 3 tells us that for any binary voting procedure and any 
Pe’, V(P) is a superset of V(@, P). Thus, there are profiles of candidate 
preferences for which there exist (pure strategy) Nash equilibria in the 
candidacy game. It still could be, however, that there are specific profiles of 
candidate preferences for which there is no pure strategy equilibrium of the 
Candidacy game. While we do not know whether this is the case in the 
class of binary voting procedures, it can happen for some tree voting 
procedures as we now show. 


PROPOSITION 7. If #6 >4, there exist tree voting procedures V and 
PeF' such that NEV, P)=@ 


Note that it is necessary to have at least 4 candidates for the conclusion 
of Proposition 7 to be true—with 3 candidates and any voting procedure, a 
Nash equilibrium in pure strategies can be shown to always exist. 


'’ Note that it is not an equilibrium for all candidates to enter. 
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While the existence of a pure strategy equilibrium is a problem for 
some tree voting procedures, it turns out not to be a problem for voting by 
successive elimination. 


PRoposiTION 8. For all orderings o and all PEF’, NE(V,,P)4#@ 
where V,(A, P) = S(A, o, T(P)). 


While Proposition 8 is somewhat reassuring, the next proposition shows 
that the nonexistence issue is back, even for voting by successive elimina- 
tion, when we move from the Nash equilibrium to the more demanding but 
quite reasonable concept of the undominated Nash equilibrium. 

We denote by UNE(V, P) the set of Nash equilibria (in pure strategies) 
of the candidacy game induced by the voting procedure V and the profile 
Pe where for all ae @ candidate a enters whenever entering weakly 
dominates not entering or a does not enter whenever not entering weakly 
dominates entering. ' 


PRopOsSITION 9. If#@ 25, there exist o and P € F” such that UNE(V,, P) 
= © where V,(A, P) = S(A, o, T(P)). 


Proposition 9 indicates that in order to find undominated Nash equi- 
libria one may be forced to consider mixed strategy equilibria. Also, even 
in cases where pure strategy (undominated) equilibria exist in the Candi- 
dacy Game, one might still like to have some feeling for the properties of 
mixed strategy equilibria. So, even when the existence of (undominated) 
Nash equilibria in pure strategies is guaranteed, it is legitimate to identify 
also candidates who have a chance to be elected if such equilibria are 
played. We now focus on this question. 


Mixed Strategy Equilibria and Voting by Successive Elimination 


We provide some insight into mixed strategy equilibria for voting by 
successive elimination. 

In order to discuss mixed strategy equilibria, one needs more structure to 
the preferences than the orders over candidates that we have examined so 
far. Let the preferences of each candidate ae @ be described by a Von 
Neumann—Morgenstern utility function U, over @. So, U,(b) denotes the 
utility of candidate a if candidate b is elected. We still work with strict 


'8 Entering weakly dominates not entering if V,(4 U {a}, P) R,V,(A, P) for each A, with 
strict preference for some A. The definition for not entering weakly dominating entering 
simply reverses V,(A U {a}, P) and V,(A, P). Thus, the notion of domination applies to the 
Candidacy Game, treating the subsequent voting procedure as a given. Proposition 9 still 
applies if one defines domination relative to strategies in the two stage game where voting 
behavior is taken into account. 
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preferences where candidates prefer themselves, so U,(b) £U,(c) for all 
b#c and U,(a)>U,(b) for all b#a. Finally we denote by P, the pre- 
ference over @ induced by U,. As before, each voter ic YW \@ is described 
by a preference P, over @. 

Let V be an arbitrary tree or binary voting procedure. As before we 
assume that the outcome in the voting stage is only determined by the 
majority tournament 7(P) which is assumed to be unaffected by changes in 
the candidate profile of utility functions U = (U,),.¢. Therefore the choice 
of an ordering o and a tournament 7 generates a well-defined entry game 
form which with the addition of U generates a well-defined entry game. 

A mixed strategy profile is now a profile of probabilities with which each 
candidate enters p=(p,)ae¢ where p, € [0, 1] for all ae @. Given a mixed 
strategy profile and a set of candidates A<@, we denote by p(A) the 
probability that the set of entrants is A, 1.e., 


nar(Th XU 0-2} 


Also, given ae @, a candidate subprofile of probabilities p_, = (Py )y<¢\ta}> 
and Ac @\{a}, we denote by p_,(A) the probability that the set of 
entrants out of @ \ {a} is A, ie., 


eti(T aX, Th, 0-*)) 


Given U and P, p = (p,)ae¢ 18 a Nash equilibrium of the candidacy game if 
YUVA {a}, P)) plA)> YUVA, P)) p_a(A) 
Ac@:a¢A Ac@:a¢A 
if p, > 0 (with p, = 1 if the above inequality is strict), and 
~ UWA, P)) p-AA> YY UAV(AY {a}, P)) p_a(A) 
Ac@:a¢A Ac@:a¢A 


if p, =0. 

We denote by NE(V, U) the set of mixed Nash equilibria of the candi- 
dacy game. To isolate the effects of candidacy, we focus, as before, on the 
set of situations Y” where candidates are not pivotal in the voting process 
and we define V,,(P) as 


V,,(P) = {ae @:ipandU s.t. pe NE(V,U) anda=V(A, P) where 
p(A) > 0}. 
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So, V,, lists the candidates for which there is a profile of utility functions 
and a Nash equilibrium in the corresponding candidacy game such that this 
candidate is elected with some positive probability. When applied to voting 
by successive elimination, this leads to the following definition: the mixed 
candidate stable set associated with a tournament 7, denoted CS,,(7') is 
defined by 


CS,(T) = Ven(T)- 


The following proposition provides bounds on the set CS,,(T ). 


ProposiTION 10. For all tournaments T, CS(T) < CS,,(T) STC(T). 


The fact that CS(T) <CS,(7T) is obvious. The fact that CS,(T)< 
TC(T) follows from the fact that some candidate from the top cycle set 
will enter with probability one (as otherwise there is a candidate in the top 
cycle who could enter for sure and win in some circumstances and do as 
well in other circumstances). It then follows that only candidates in the top 
cycle can be eventual winners. 

We do not know whether the bounds on CS,,(T) suggested by Proposi- 
tion 10 are tight. We have examples of mixed strategy equilibria in the 
candidacy game, but all of the ones we have been able to construct end up 
with support in the (pure) candidate stable set. A plausible conjecture is 
that CS(T ) and CS,,(T ) coincide. 


5. CONCLUDING REMARKS 


In this paper, we have provided an analysis of the implications of stra- 
tegic candidacy on the outcome of binary voting procedures, with a 
detailed look at the prominent case of voting by successive elimination. We 
have shown that endogenizing the set of candidates expands the sets of 
candidates who may arise as outcomes of a binary voting procedure, but 
may introduce inefficient outcomes. We point out some of the questions 
raised by the analysis here and some aspects of the analysis that deserve 
further research. 

In this paper, we have assumed that the decision to be a candidate was 
costless. Introducing a candidacy cost, even an infinitesimal one, leads to a 
revision of the analysis of the candidacy game. Depending on the context, 
such costs may be quite natural. With costly candidacy, it is easy to 
develop examples where the only equilibria of the candidacy game are in 
mixed strategies, and so this suggests a further reason for exploring the 
mixed strategy of the candidacy game in more detail. 
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We have also assumed that candidacy decisions are made simulta- 
neously. One can also consider situations where candidacy decisions are 
sequential: candidates are ordered exogenously and candidates decide to 
enter or not after having observed the decisions of the candidates before 
them in the ordering (with a natural ordering being the same ordering as 
the voting under successive elimination). The order in which candidates 
make entry decisions will be important in determining the outcome, which 
is an issue that will have to be dealt with. However, considering a sequen- 
tial candidacy game has the advantage that it renders the issue of mixed 
strategies irrelevant. 

Finally, as we discussed in the Introduction, candidacy issues are part of 
a broader class of problems in which a set of proposers or nominators 
suggests the alternatives to be voted upon. In our analysis, each proposer 
has only one alternative that can be proposed, which in the candidate 
interpretation is himself or herself. Allowing proposers to each choose from 
the same (finite) set of alternatives without being able to duplicate a 
previous proposal would bring the model in line with that of Groseclose 
and Krehbiel [10] (assuming a sequential recognition rule and costs of 
proposal, as discussed above). This would set the stage for performing the 
sort of analysis we have done here, but in the context of a legislative model 
to see what properties the set of outcomes exhibits. The results and 
intuition developed in this paper pave the way to analyzing that problem. 


APPENDIX 


Proof of Proposition 1. We assume that #Y #4. Let {a,,a),a,} ¢@ 
and let a: Y > {1,2,...,4#VY} be an ordering of Y. Consider the profile 
Pe defined as 


a, P,, a,P,,a;P,, © \ {ay, Qa, a3}, 

a,P,,a;P,,a,P,,@ \ {ay, Qa, a3}, 

a;P,,a,P,,,a,P,,@ \ {a,, Q, a;}, 

a, P,a,P,a;P,@ \ {a,, a, a3} if o(i) = 3k for some k > 0, 

a,P,a;P,a,P;@ \ {a,, a, a3} if o(i) = 3k +1 for some k > 0, 

a;P,a, P,a,P,@ \ {a,, a, a;} if o(i) = 3k +2 for some k > 0. 

For all a,b e @ and all Pe F”, let n(a, b, P) =#{ie V : aP,b}. From the 
construction of P above, we observe that 

n(a,, a, P) =n(a,, a3, P) =n(a3, a,, P) =2K if #V=3K 
Min(n(a,, ay, P), n(az, a3, P), n(a3, a,, P)) =2K if #V7=3K+4+1 
Min(n(Q,, a, P); N(a,, a3, P), n(a3, a, P))=2K+1 if #V =3K+2 


SUCCESSIVE ELIMINATION VOTING 211 


Since #V #4, it is easily checked that 
#Y 
Min(n(a,, Qa), P), na, a3, P), nas, aq, P)) > “27 . 


Further, from the construction of P, it follows also immediately that 
TC(T) = {a,, a), a;} where T=T(P). We now prove that @ ¢ NE(V, P). 
Since V is Condorcet consistent, we deduce from what precedes and 
McKelvey and Niemi’s theorem that V(@, P) € {a,, a), a;}. Assume that 
V(@, P) =a,. Since n(a;,a,, P)>* and V is Condorcet consistent, we 
deduce that V(@\{a,}, P)=a;. Since a;P,,a,, we deduce that if Ge 
NEV, P), then V(@, P) £a,. A similar reasoning rules out also a, and a, 
and therefore @¢NE(V,P). J 


Proof of Proposition 2. Assume that k is even, and take a,be @ with 
aTb. Let {a,,..., 4,2} =@\ {a, b}, and consider the two linear orderings 
P,, and P’,, defined as follows: 


- ab* aba, ay ***An—>, 
mo. 
© Ply Am—24m—3---a ab. 


Consider *** individuals in Y\@ with the preference P,, and **? 


individuals in YW \@ with the preference P’,. 

Repeat the operation for all pairs of candidates. We have assigned a 
preference to 2-0" voters in W\@. This is possible since 
#Y >H@-)m+k. Suppose (#¥ —k)-H9@-)"™ =~+>0. Then, if r is 
even, endow each extra pair of voters with opposite preferences. If r is odd, 
then endow each extra pair of voters with opposite preferences, and the 
remaining with an arbitrary preference. 

The reader can check that this construction yields the desired majority 
relation. fj 


Proof of Proposition 3. We first prove that V(@,T) <V (T) where 
T =T(P) for some Pe #”. Let ae V(@, T) and let P’ be such that aP',c for 
all b#a and all c#b and P{/=P, for all icW\@. Then clearly 
€ € NEV, P’), and the claim follows. 

We now prove that V (T)< TC(T) where T =T(P) for some Pe F”. 
Let a=V(A,T) where Ace NE(V, P’) and T = T(P’). Assume on the con- 
trary to the claim that a¢TC(T). Then it follows from McKelvey and 
Niemi’s theorem that An TC(T) = @; indeed, if ANTC(T)# @, then 
(since obviously from the definition of TC, TC(T | A)” ©TC(T) 0A) we 
should deduce V(A,7)#a. Let be TC(T). Since from what precedes 
TC(T|Av {b}) = {b}, we deduce from using McKelvey and Niemi’s 


 T | A denotes the restriction of T to A. 
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theorem once more that V(A u {b}, T) =b. Since bP,,a, we contradict our 
assumption that Ae NE(V, P’). J 


Proof of Proposition 5. First we show that 
CS(T) < {a|aH € H(a,T) s.t.Vb¢ H Jjce H s.t. b not cover c}. 


Consider Pe ’, T, and a, and ae V,(NE(P, T, c)). We show that there 
exists H ¢ H(a,T) such that for any b¢ H there exists c € H which is not 
covered by b. Find A which is an equilibrium at P,7,¢ with a= 
S(A, o, T). Thus, a = w, in the Shepsle-Weingast algorithm described pre- 
viously. Let H = {w,, ..., w,}. By the Shepsle-Weingast algorithm it follows 
that He H(a,T). First, consider any be A, such that b¢ H. It follows 
from the Shepsle—-Weingast algorithm that there exists some ce H with 
cTb; otherwise, we would have w, = b for some k, which contradicts the 
fact that b¢ H. Next, consider any b¢ A. It must be that DAS(AU 
{b},¢,T), otherwise A would not be an equilibrium given that bP,a, since 
Pe¥F'. Thus, it follows from the Shepsle-Weingast algorithm that there 
exists some de A with dTb. If de H, then b does not cover d. If d¢ H, 
then we know from the previous argument that there exists c ¢ H with cTd. 
Thus, b does not cover c. 
We now prove that 


{a|dH € H(a,T) st. Vb¢ H Ice H st. b not cover c} <CS(T). 


Consider a and He H(a,T) such that for any b¢ H there exists ce H 
which is not covered by b. We need to show that there exist P and o such 
that there is an A which is an equilibrium at P, T, o with a= SV(4A, T, a). 

Let Pe P’ be such that for all ce @\ {a}, cP,aP,b for all be @ \ {a,c}. 
Let Z = {b¢ H| ic € H, cTb}. Let A= H UZ. Let o be such that 


i) o(b)<o(c) for any be Z and ce H, 
Gi) a(c)<o(d) for any ce H andd ¢ A, and 
(iii) o(c)<a(d) implies cTd force H andde H. 


Note that (i) is possible by the transitivity of T on H, since 
He H(a,T). Thus, the candidates in Z come first under g, then the can- 
didates in H, and then the remaining candidates. Let us verify that A is an 
equilibrium and that a=S(A,o,T). First, we check that a= S(4,o,T). 
Let €=#A and ¢@’ = #H. Ordering the elements in A according to a results 
in the sequence a, ..., d,_ =, ..., a, where H = {a,_y =a,..., a,}. First, 
note that since H € H(a, T), and by the ordering under (iii), it follows that 
w, =a, for each k>f—2£’. Then, by the definition of Z, it follows that 
Ww, =w,_y¢ =a. Thus, a= S(A,o,T). Now let us check that A is an equi- 
librium, given P and ao. No candidate in A can benefit from exiting, since 
each prefers a to any other candidate besides him or herself. Consider a 
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candidate b¢ A. Given the preference P, (a is b’s second most preferred 
candidate), it suffices to show that S(A u {b},o,T) #b. We know from 
our original choice of a and H that there exists c € H which is not covered 
by b. Thus, either cTb, or there exists d such that cT dTb. In the second 
case, note that from the definition of Z it follows that either de Z or 
dé H. Note that by the ordering a, it follows from the Shepsle-Weingast 
formula; for b=S(Av {b},0,T) it must be that bTe for all ee A. 
However, this cannot be due to the existence of c or d as just described. J 


Proof of Proposition 6. We show that A*(T) <CS(T)< A(T), and 
that these inclusions can be strict”. First, it is clear that A(T) = 
UC(T) <CS(T), directly from the characterization given in Proposition 5, 
as any uncovered a is in CS(T) using H = {a}. Second, we show that 
CS(T) < A*(T). Consider any aé CS(T). We need to show that for every 
b#a, aT*b. According to Proposition 5, consider H ¢ H(a,T) such that 
for each b ¢ H there exists ce H with b not covering c. Note that for each 
b#a, be H, aTb, since H € H(a,T). So, consider b ¢ H. Since there exists 
céH with 5 not covering c, it follows that there exists ce H with cT7b. 
Since c € H, it follows that either c = a or aTc. Thus, aT’*b. 

We now show that these inclusions can be strict. The tournament T 
below shows that there exist T for which UC(T') and CS(7) are distinct. 

Consider the set of candidates @ = {a,, a), a3,a,} and T such that 
a,Ta,Ta,Ta,Ta,, a,Ta,, and a,Ta,. It is easily checked from Proposition 5 
that a,¢CS(T), since for the a,-chain H = {a,,a,}:a,Ta,; and so a; 
cannot cover a,, and a, does not cover a, since a,Ta,Ta,. However, 
a, € UC(T) since it is covered by ay. 

The tournament T’ over @ = {aj, a), ..., 9} defined” below” is such 
that 


CS(I") # A(T") 
-Q)T'a,, A,T'a,, a4T'a,, As5T'a,, AgT’a,, A,T' ay, a, Tg, 
a,T'dy, a,T' Ayo 
-AsT"' Ay, A,T'Ag, AT" 7, A,T' dg, AT" Ay, A,T' ayy 
-AsT'a;, A,T'a5, a,T' a7, a,T' dg, A,T' Ay, A,T' Ayo 
-A,T' a4, A,T'as, A,T' Ag, AsT'Ag, AT Ag, AsT' yy 
-AgT'as, AsT'dy, AsT' yy 


The other relationships are known (e.g., see Banks [2] or Moulin [18]). 

21 The tournament 7” is not fully defined but the argument holds regardless of the way it is 
completed. 

22 We have not been able to construct a tournament of smaller size for which the two sets 
differ. 
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-AgT'dg, AgT' Ag, AgT' Ayo 
*AyyT'a,, A,T' dg, a7T' dy 
-AyoT' ag, AgT' dy 
-AyT' yy - 


It can be easily verified that a, ¢ A*(T’). Also, 


{{a,, a3, ay}, {a,, a3, ayo}; {a,, ay, ayo} 


is a subset of H(a, T’) and any other H in H(a,T’) is a subset of one of 
these sets. In order to verify that a, ¢ CS(T’), it suffices to look at only 
these sets. Now 

© a, COVELS A), Ay, and ajo, 

© a, COVEFS a), dg, and Ayo, 

© ay COVEFS a), ag, and dy. 


It follows immediately that a, €CS(7"). J 


Proof of Proposition 7. Let @ = {a,, a), a3,a,} and W = {1, 2, 3, 4}. 
When A=@, consider the voting procedure described by the extensive 
game form pictured in Fig. 1. 

If a candidate does not enter, then just trim the tree to eliminate all ter- 
minal nodes that result in that candidate. This defines the voting procedure 
forall Ac@. 

Consider the following preference profile. Preferences of the voters ie VW 
are described by 

° a,Pia,P,a,P,a3, 
° a4P,d3P,a,P,a,, 
° a, P3a,P3a3P3a), 
° a, Pia, P,a;P,d,. 
The preferences of the candidates in @ are described by 
: a,P,, ayP,, a,P,, a3, 
© a P, a P,a,P 4; 
be €;P,,4,P,,4,P,44; 
© a,P,,4,P,,a,P,,a5. 

Direct calculation shows that there is no A c @ for which having exactly 

the set of candidates in A enter is a candidate entry equilibrium. For 


example, if all candidates enter, the outcome is a, while if a, exits then the 
outcome is a, and so a; would prefer not to enter. If {a,, a), a,} enter the 
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4 


a4 ai 


FIGURE 1 


outcome is a, while if only {a,, a,} enter then the outcome is {a,}. Thus a, 
would choose not to enter and so {a,, a), a,} is not an equilibrium. Similar 
calculations show that there is no A that is a pure strategy entry 
equilibrium. Jj 


Proof of Proposition 8. Fix o: @ > {1, 2, ..., #@} and define a), ..., dyg 
to be such that o(a;) =i. We claim that the subset 4 = {ae @:a=w, for 
some ke {1,2,...,#@}} where w, is the kth provisional winner in the 
Shepsle-Weingast algorithm, belongs to NE(V, P) for all Pe FY’ such that 
T(P) =T. First let ae A with a 4 w,: from the Shepsle—Weingast algorithm 
applied to A\{a}, it follows immediately that V(A\{a},T)=w, and 
therefore it is not profitable for a to exit. Now let a ¢ A; since a # w, there 
exists w,¢A such that w,Ta. Since k##@, we deduce from the 
Shepsle-Weingast algorithm that V(A vu {a},T)=w, and therefore it is 
not profitable for atoenter. J 


Proof of Proposition 9. The following simple claim will be used in the 
following. 
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Claim. Fix o:@ > {1,2,...,#@}, and define a, ..., dy¢ to be such that 
a(a;) =i. Then, the entry strategy always does at least as well for can- 
didates a, and a, as the no entry strategy. 

The claim is true because candidates a, and a, can change the outcome 
of the election by dropping out only when they win the election by contesting. 

Let #@ = 5S. As in the claim above, let a be such that candidate a; comes 
before candidate a;,, for all i=1, 2, 3,4. So, the claim establishes that a, 
and a, always enter the contest in any undominated Nash equilibrium, 
provided there is some case where they would be elected if they entered, but 
not if they did not enter. Let T denote the tournament, which is described 
below”. Here, we define W(a,) = {a;|a,Ta;}. That is, W(a;) is the set of 
candidates which are “‘worse”’ than a; according to the tournament 7. 


° a,eW(a,) 

* a3,a, €W(ay) 

° a, a,€W(a;) 

* a,a,EW(a,) 

* a), a, a; €W(as) 


Then, the following statements are true: 


(1) V,(@,T) =4,, 

(2) Vi({a1, a, 43, 44}, T) = as, 
(3) Vi({a, 4, a4, 45},T) = ay, 
(4) V,({a), a, a3, a5},T) =as, 
(5) Vi({a, &, a3}, T) =a, 
(6) Vi({a1, &, a4},T) =a, 
(7) V,({a, &, a5}, T) =as, 
(8) Via, &},T) =a. 


Assuming that a;P,,a,, (1) cannot be an equilibrium because a; can 
ensure a,’s victory by dropping out of the contest. Similarly, by assuming 
that a,P,,a3, (2) cannot be an equilibrium. Also, assuming that a, P,,a,, we 
can conclude that (3) is not an equilibrium. Finally, note that cases the 
(4)(8) cannot be equilibria because in each some candidate can enter and 
win the election. 

Since a, and a, must enter the contest at any undominated Nash equi- 
librium (as there are situations where they win when entering but not if 


3 The tournament T is not fully described but the argument holds regardless of the way it is 
completed. 
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they do not), we have therefore shown that there is no pure strategy 
undominated Nash equilibrium in this example. ff 


Proof of Proposition 10. Let o be an ordering, U be a candidate profile 
of utility functions, and T be a tournament. To simplify the notation, we 
assume that the ordering o is the natural ordering of 1, 2, .... #@. Let i be 
the smallest integer such that ie TC(T). Now consider a candidate profile 
of probabilities p that is a Nash equilibrium in mixed strategies of the 
candidacy game. Let G(p) = {j >i: p; >0}. From the Shepsle-Weingast 
formula, it is straightforward to check that for all 4<@(p), either 
S(A vu {i}, 6,T) =i or S(AU {i}, o, T) = S(A, 0, T). Since {1, 2, ...,i-1I} 0 
TC(T) = @, we deduce therefore that 


y U(S(Av {i},0,T))p (A> YU (S(A,0,T)) p(A) 


i¢A,Ac@ i¢A,Ac@ 


Further, the above inequality is strict whenever, for all je %,(p) such 
that jTi, p; <1. Therefore either p, < 1 for all j¢ @,(p) such that j77, and 
then from the argument above entry is the unique best reply of candidate i 
(i.e., pj = 1), or there exists j¢ @(p) such that j7i and p,=1. Note that 
any such j must belong to TC(7’) since j7i and ie TC(T). From the 
Shepsle-Weingast formula, this is enough to conclude that no candidate 
outside TC(T ) can belong to CS,,(T). J 
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